It is difficult for a space robot to perform autonomous relative navigation of a non-cooperative space target using only a single line-of-sight measurement. To solve this problem, a decentralized-centralized relative navigation method based on multiple space robots in a leader-follower formation is proposed. All the leader and follower robots observe the same space target and combine their estimates to obtain an improved estimate of the target motion. The relative navigation filter of each leader and follower robot is independently implemented based on non-dimensional invariant sets of Hill-ClohessyWiltshire (HCW) equations. The invariant sets of relative motion between the follower and leader space robots are known due to their mutual cooperation, and are used in this research as state equality constraints to improve the estimate of the target motion. Numerical simulations show the feasibility of the proposed method, and the results indicate that the constrained state estimation accuracy of the space target is improved compared to unconstrained state estimation.
INTRODUCTION
Numerous pieces of debris orbit in near-Earth space, some of which are dangerous and need to be removed. The removal mission includes the problem of determining the orbit of the servicing space robot relative to the non-cooperative space target. Relative orbit determination, or motion estimation, is also indispensable in space-based situational awareness and proximity operations. Initial coarse relative motion information for orbiting objects can be acquired through inertial methods such as two-line elements provided by NORAD [1] . Accurate relative motion state information must be estimated through real-time measurement information from cameras, radar and lidar. Traditional spacecraft proximity operations use large and expensive on-board sensors, as well as ground support, to generate range and angle information. Compared to radar and lidar, optical cameras present distinct advantages in terms of weight and cost. So cameras are a better choice for relative navigation, especially for smaller space robots.
Optical cameras can be used to generate angle information but have difficulty generating range information. The most frequently used equations for studying relative spacecraft motion are the HCW equations [2] . However, relative spacecraft motion is unobservable with angles-only measurement information when HCW equations are used [3] . This is because there is a family of relative trajectories which have identical line-of-sight (LOS) angle histories. An alternative relative motion model for the HCW equations uses relative eccentricity/inclination vectors [4] , which provide geometric insight into the relative orbit. According to the relative eccentricity/inclination vectors, a constant relative motion state vector, or linearized relative orbital elements (LROE), can be used to describe relative orbit shape, orientation, and size. It can be shown using LROE that relative motion shape and orientation are observable, but size is not [5] .
Several approaches have been taken to achieve observability of relative motion with angles-only measurements. One well-known approach is to impose external thrust on the active spacecraft [6] [7] [8] , in which case linear relative motion is observable when the active spacecraft undergoes impulsive or continuous thrust. Another approach obtains weak observability with angles-only measurements by modifying the dynamic system and measurement model using, for example, curvilinear coordinates instead of rectilinear coordinates [9] . The advantage of curvilinear coordinates is that the nonlinear mapping to Cartesian space captures the relative mean argument of latitude, which is unobservable in rectilinear coordinates. Another approach is the use of a J2-perturbed state transition model in which nonlinearities in the measurement model are preserved, which vastly improves the condition number of the system's observability matrix [10] . Another approach attempts to achieve observability with angles-only measurements by combining angle measurements from two cooperative spacecrafts [11, 12] . In this approach two spacecrafts with an inter-spacecraft crosslink form a measurement baseline relative to the target spacecraft, and the relative motion state between the cooperating spacecrafts is acquired through cooperative measurement technologies such as differencing GPS [13] .
By using the above double line-of-sight method, the observability of the relative navigation system is improved and the relative motion of the target can be estimated accurately. But the method is centralized, which is not fault-tolerant, and the relative navigation system is near unobservable when the target and two spacecraft are colinear. In this case, a multiple line-of-sight method is worth investigating, and in order to retain the simplicity of the relative navigation system for multiple spacecraft, decentralized processing of measurement information is desired.
In this paper, we further explore the application of double line-of-sight measurements by extending it to multiple line-ofsight scenario. We propose a novel decentralized-centralized estimation technique to resolve the computing architecture problem of filtering with multiple correlative states among the cooperating spacecraft. The filtering algorithm is decentralized and distributed among each spacecraft, and the fusing of the state estimates from each spacecraft is centralized as a least squares constrained state estimation problem. We use the relative motion state information between the cooperating space robots as a state constraint to improve the combined state estimate of the target.
The following section presents an introduction of the research background and its motivation. The next section reviews the relative motion model between two spacecraft. The next section presents the invariant set of the relative motion equations. The next section discusses the angle-only measurements model and the estimated state, which is comprised of the non-dimensional invariant set of the target. The following section proposed a method to extended constrained state estimation technique to independent but related systems, and shows how it can improve the relative motion estimation of the target. The next section presents numerical examples and simulation results.
RELATIVE MOTION MODEL
In this paper we consider an arbitrary number of spacecraft which cooperate with each other to estimate the relative motion of a non-cooperating target. We begin in this section by considering two spacecraft that are near each other, as shown in Figure 1 . We call the first spacecraft the target, and the second spacecraft the leader. A rotating reference frame called a Hill frame is used for expressing the dynamics of the leader relative to the target in a coordinate system which is centered at the target spacecraft and which orbits the Earth along with the target spacecraft. In the Hill frame, the X axis is directed along the instantaneous radial vector of the target, the Z axis is normal to the orbital plane of the spacecraft and is positive in the direction of the orbital angular momentum vector, and the Y axis is chosen according to the right-hand rule. The X and Y directions correspond to in-plane motion and the Z direction corresponds to out-of-plane motion.
For circular orbits, the relative motion between the spacecraft is described by the HCW equations, which were originally developed for orbital rendezvous and docking operations [14] . 
THE INVARIANT SET OF THE HCW EQUATIONS
The HCW equations are thoroughly investigated in several monographies and textbooks [15] [16] [17] [18] . An alternative approach to using the HCW equations is a parameterization called the invariant set of the HCW equations, or the linearized relative orbital elements (LROE) set. It is complicated to derive the invariant set of the HCW equations with standard orbital elements and spacecraft dynamic formulations. However, it is easy to derive the invariant set by solving the linear differential equations of the autonomous HCW equations [14] 
ANGLE-ONLY MEASUREMENT MODEL
Relative navigation estimation relies on camera-based angle measurement information. Figure 1 depicts the angle-only measurements of the LOS angles of azimuth (Az) and elevation (El). The nonlinear measurement model is given as follows. (6) Because of the unobservability of relative motion with angle-only measurements, we cannot estimate all six parameters of the invariant set, but we can estimate five of the nondimensional parameters [19] . Suppose the parameter off y is non-zero; this is a reasonable initial assumption for proximity operation of spacecraft. We choose off y as a scale factor and write the non-dimensional invariant set as follows. The relative motion trajectory of Eq. (4) can then be written as follows. (9) Therefore, the measurement sensitivity matrix in the extended Kalman filter (EKF) for state estimation is given as follows. The EKF is used to obtain the estimate x , even though the true state x is assumed constant as shown in Eq. (7).
CONSTRAINED RELATIVE MOTION STATE ESTIMATION
We can combine state estimation with angle-only measurements from multiple cooperative space robots to achieve constrained state estimation of the leader motion relative to the target. Each space robot operates independently, obtains its own measurements of the target, and performs relative motion state estimation of the target. We select one space robot as the leader, while the other space robots are designated as followers. Assume that the invariant set of the relative motion between the leader and each follower is known; that is, the relative motion between the cooperative space robots is known. Then the estimation accuracy of the relative motion of the leader with respect to the non-cooperative target can be improved through constrained state estimation, as we shown in this section.
In constrained state estimation, the states are assumed to satisfy some equality constraints 
NUMERICAL EXAMPLE
In this section we present a MATLAB simulation of relative motion state estimation with angle-only measurements. The parameters used in a simulation of four space robots are given in Table 1 . RK4 numerical integration is used to propagate the HCW dynamics equations of the four space robots. A time step of 1 second is used, and the duration of the simulation is 5712 seconds, which is the period of the reference orbit. In the EKF we use a zero matrix as the process noise covariance matrix to make the filter to behave well. The relative motion trajectories of the four space robots with respect to the space target are shown in Figure 2 , with the space robots moving closer to the target as time proceeds. The relative motion trajectories of the three followers with respect to the leader are shown in Figure 3 , which form an ellipse with a semi-major axis of about 200 meters.
All of the space robots independently conduct relative motion state estimation of the target with angle-only measurements. One member of the formation is assigned as the leader, which is responsible for collecting unconstrained state estimates from each follower through an inter-satellite communication link. The relative motion scale factor and the constrained state estimate are then obtained by the leader.
The estimation errors of the scale factor of space robot 1, which is the leader of the formation, are shown in Figure 4 . The unconstrained state estimation errors of the non-dimensional invariant set are shown in Figure 5 . The constrained state estimation errors of the non-dimensional invariant set are shown in Figure 6 . By the end of the simulation, all the estimation errors are close to zero; the state estimates have converged to the true states. Comparing Figure 5 with Figure 6 , we see that the constrained state estimation errors are significantly less than the unconstrained state estimation errors. The RMS values of the unconstrained and constrained state estimation errors during the first 1000 seconds (that is, before convergence) are shown in Table 2 . Table 2 : RMS values of unconstrained and constrained state estimation errors during the first 1000 seconds
CONCLUSION
The proposed decentralized-centralized constrained state estimation architecture is effective for angle-only relative navigation for multiple space robots. The architecture consists of a series of independent relative navigation filters, and a constrained state estimator that fuses the independent estimates based on the relationships between the cooperating spacecraft. The relative navigation filters on the space robots operate independently to conducts relative motion state estimation with angle-only measurements. The operation of the proposed relative navigation algorithm will not be impacted even if the real-time inter-satellite communication link is damaged, as long as communication ability is still available sometimes. All of the unconstrained state estimates are transmitted to the leader space robot, which conducts least squares and constrained state estimation to acquire the relative orbit size and improve the accuracy of the overall state estimate. The numerical example demonstrates the feasibility of the approach. The state estimator provides meter-level accuracy of relative position and millimeter-per-second-level accuracy of relative velocity after convergence.
The proposed decentralized-centralized constrained state estimation architecture is applied here to relative spacecraft navigation, but it potentially has a wide range of applicability. It can be used in any system in which multiple subsystems are each obtaining their own state estimates, and in which those multiple subsystems are related to each other. If their relationships can be expressed as a constraint (either equality or inequality, and either linear or nonlinear), then the constrained estimation methods proposed in [21] can be extended as in this paper to obtain improved estimation performance.
